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1. INTRODUCTION 
Consider the nonlinear nonautonomous difference quation with delays of the form 
Az .  + Y~p.,~z.-k,  = f (n, z . _ . ,  . . . .  z . - l . . ) ,  
iEl 
for n e Z+(O), (1) 
where A is the forward difference operator (see [3]), p E Z+(0) x I --* R, Z+(0) := {0, 1,. . .  }, 
/:---- {1, . . . , I0} ,k , , l j  E Z+(0) for i E I, and j E M := {1, . . . ,m},  f E Z+(0) × R m --* R, and 
f (n, u l , . . . ,u ,n)  _> (or <) O, as uj > (or <) O, for j • M, 
f (n, u , . . . ,  u) = O, iff u = O, and (2) 
f (n,u. , . . .  ,u.) < [f(n, ul,... ,urn)[ < f(n,u*,... ,u*), 
where u. := minjeM lujl and u* := maxjeM lull. 
Throughout this paper, we write P := Y']~ielPi, Pn := Y]ielPn,i, P* := ]i']~¢z Ipd, P~ :-- 
Y]~el [Pn,i[, g := maxiel{ki}, k := miniei{ki},R := max{K, maxjeM{lj}}, and 0 ° = 1, where 
p~ : -  supnez+(o){pnj} for i E I. 
Assume that there exists an i0 E I such that 6~ o := lira inf,-.oo IP-,io [ > 0. (In Section 4, we 
will show that it is necessary by an example.) 
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By a solution of equation (1), we mean a sequence {xn} which is defined for n • Z+(-R)  := 
{-R, -R  + 1,... ,  0, 1,... } and satisfies equation (1) for n • Z+(0). 
It is easy to see that equation (1) has a unique solution for given initial condition 
xi = ¢i = const., for i • { -R , . . . ,  0}. 
The zero solution (by our hypotheses, equation (1) has the zero solution) of equation (1) is 
said to be globally asymptotically stable (GAS), if every solution of equation (1) has the property 
limn-~oo xn = 0. 
Recently, the oscillation of delay difference quations has been extensively studied (see [4--12], 
etc.). For example, GySri et al. [6] proved that every solution of the equation 
a~.  + ) -~p~. -k ,  = 0, for n • Z+(0) (3) 
iEI 
is oscillatory if and only if its characteristic equation 
A-  1 + ~-~p,A-k'= 0 (4) 
iEl 
has no real roots (see also [13]). Gopalsamy et al. [5] proved that every solution of the equation 
Ax.  + px . -k  = O, for n e Z+(0) (5) 
is oscillatory if and only if 
k k 
P > (1 + k) l+k (6) 
(see also [13]). In [7] (see also [13]), it was shown that if 
Zp  ' (1 + ki) 1-t-k' 
> 1, (7) 
iEl kik~ 
then every solution of equation (3) is oscillatory. 
However, only a few papers were devoted to the global asymptotic stability of the equation 
Ax.  + )-~ p~x.-k, = / (xn-~, , . . . ,  x . - l . ) ,  
iEl 
for n e Z+(0). (8) 
To the knowledge of the authors, only GySri, Ladas and Vlahos [1] (as m = I0 = 1) and the 
authors of [2] have approached this problem. 
The purpose of this paper is to present a sufficient condition under which the zero solution of 
equation (1) is globally asymptotically stable. 
2. LEMMAS 
It is obvious that equation (1) can be changed to the form 
iEI iEI 
for n e Z+(0). (9) 
We now consider equation (3). 
LEMMA 2.1. For any ~ E (0,1), ff 
P>0 and 
iEI 
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hold, then the K + 1 roots Xi(i = 1, . . . , K + 1) of equation (4) has the property 
PiI < x, fori= l,..., K and XK+~ E (X,1). 
PROOF. Let 
g(X) = AK+’ + xpiXKski and h(X) = -AK. 
iEI 
Then, 
lg(~>I 5 xK+l + XK c Ip$i-ki < XK+’ + XK (1 - A) = JK = I/&q, 
iEI 
as 1x1 = X. F’rom the well-known Rouch6 theorem (see [14]), we have IXil < J for i = 1,. . . ,K. 
Let 
$(A) = x - 1+ C&X+. 
iE1 
Then, 
4(l) = P >0 and +(A) = (1 -1) cp. (iC, *G-l) <o. 
Hence, AK+1 E (x, 1). This completes the proof. 
Noticing that 
min “-“I _ (1 + k$+ki 
XE(O,l) 1 - x kik’ ’ 
we have 
Cl 4 Pa 
(1 + ki)l+ki 
iEI kjki 
Letting 
l+ki 
, 
we obtain 4(k/(l+k))$(K/(l+K)) < 0 from the monotonicity of function f(z) = (l+~)‘+~/z”. 
Therefore, there exists a X0 E (k/(1 + k), K/(1 + K)) C (0, l), such that 
Cl ,I p, (l + ki)l+ki = c lpil j+.yki .
iEI 
kiki 
iEI 
1 - x0 
Then we have the following lemma. 
LEMMA 2.2. Let 
P>O and clpil 
(1 + ki)l+ki < 1 
iEI 
kiki (10) 
hold. Then there exists a XO E (k/( 1 + k), K/(1 + K)) c (0,l) such that the K + 1 roots 
Xi(i = I.,..., K + 1) of equation (4) satisfy l&l < X0 for i = 1,. . . , K and AK+1 E (X0,1). 
COROLLARY 2.1. Let (10) hold. Then the zero solution of equation (3) is GAS. 
LEMMA 2.3. Let {g,,} be the unique solution of 
k/n + ~Pih-kr = 0, fern E Z+(O), 
iEI 
Vi = 4i9 fori = -K,...,O. 
(11) 
96 
Then, {~n} is the unique solution of 
A~2,, + ~ P~9,-k, = O, 
iEl 
1 
= (¢ ,  - ¢,+1), 
B. Sm et a/. 
for n • Z+(O), 
for i = - K, . . . , -1  and 
1 
iEl 
where fh, is defined by ~']~iez PiYn-k, = Pgn. 
The proof of the lemma can be verified by direct substitution, so it is omitted. 
LEMMA 2.4 .  Let {zn} be the unique solution of 
AZn + ~-~piZn-k~ = O, 
iEI 
zi = 1, 
and {wn} the unique solution of 
AWn + EP iWn-k~ = O, 
iEl 
Wi : O, 
for n • Z + (0), 
for i = -K , . . . ,  O, 
for n • Z+(O), 
for i = -K , . . . , -1  and 
Then, we have 
to O = 1. 
From (12), we have Zl ~-~ 1 - P. Hence, (12) can be rewritten as PROOF.  
+ ~-~piZn+l-k, = O, A Zrt + l 
iEl 
gi+l = 1, 
Let vn = zn - Pwn. Then, {vn} satisfies 
AVn + Ep ivn-k l  = O, 
iEI 
for n • Z +(0), 
fo r i=-K , . . . , -1  and Z0+l f l -P .  
for n • Z + (0), 
(12) 
(13) 
(14) 
and {wn} be FS. Then, 
(i) w= > 0 for n e Z+(O); 
K If 
P" < (1 + K) I+K (15) 
solution (for short, FS) of equation (3)). 
LEMMA 2.5. Let 
P>O and 
v i= l ,  fo r i=-K , . . . , -1  and v0=l -P .  
So, Vn = Zn+l. Consequently, (14) holds. The proof is thus complete. 
Now, we discuss some properties of the unique solution {Wn} of (13) (we call it the fundamental 
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(ii) 
1 
sup Wn = 1-  P '  fo rK=O,  
1 
nez+(o) Wn+l < P*K '  for K ~ O, 
where w n := max~e{ 0 ..... K} {Wn-i};  
(iii) ~-']~___0~n = l / P ;  
(iv) ~-]-~=o wn = 1 /P  as Pi > 0 for i E I. 
PROOF. It is easy to see that (i)-(iv) hold for K = 0. At this time, ~n = Wn = (1 -- p)n .  
In what follows, we let K ~ 0. 
At first, we claim that the following holds: 
wn < rwn+l,  for n E Z+(0), (16) 
where r satisfies 
< r < p,---~. 
As a matter of fact, (16) holds for n = 0. If (16) does not hold, then there must exist an 
no E Z+(1) such that (16) holds for n < no and 
* ) rWno+l .  ~0n o _ 
Then, 
i E l  iE I  
From equation (3), we have 
for n < no. 
1 K 
Wn'{'l • r rn*- -wnl  + > ~+""--~Wn'l for n < no. 
Let Wno-a = w~ o, where a E {0, 1,. . .  ,K}. Then, 
 -o>1-7T -o '> ' ' '>  
Therefore, 
(K )  K 
i E l  iE l  
"~- - -  Wn o -- ~ ll)no +1 P* * > r - rP*  
This follows: 
r -~<1 and r< 
This is a contradiction. So, (i) and (ii) hold. 
Next, we only prove that (iv) holds for the similarity in the proofs of (iii) and (iv). 
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Since Pi > 0, we have '~r, > 0 from (i). Hence, Awn = -P '~n < 0, i.e., {wn} is nonincreasing. 
* This follows: Consequently, w n = wn-K. 
Awn + Pw, < O and Aw,  + Pwn_K > O. 
Summing up both sides of the above two inequalities and noting wi = 0 for i = -K , . . . ,  -1 ,  we 
have that (iv) holds. This completes the proof. 
Lemma 2.6 explains that any solution of equation (3) can be dominated by the unique solution 
of CP (12). 
LEMMA 2.6. Let (15) hold, {Yn} be any solution of equation (3), and {zn} the unique solution 
of (12). Then there exists a C = C({y~}) = const. > 0 such that 
lY-[ < Oz., for n e Z+(0). 
PROOF. 
STEP I. 
(17) 
The proof is divided into two steps. 
{Yn} can be dominated by FS, i.e., there exists a C' = C'({yn}) = const. > 0 such that 
[Y-I < C'w,, for n E Z+(0). (18) 
Let vn = yn/wn for n e Z+(0). Then, 
n-1 
Wn-ki ~ Wn-ki 
Avn = 2 ~Pi (Vn - Vn-k,) = - -  E AVj. 
iEl Wn+l ~. Wn+l j fn -k l  
Letting Q := suPnez+(o ) W~/Wnq-l, we have 
n- -1  , n - -1  
iEI Wn+l j=n-k~ • n+l  j=n-K 
< ~--~IP~I w* g max IAv~l 
iEl Wn+l jE{n-K,...,n-1} 
< P*QK max IAvu l  . 
jE{n-K,...,n-1} 
Let 
We obtain by induction 
~ = max{l, max IAvjl}. 
je{0 ..... K - l}  
IAvnl < p(P*QK) ("-K)/K, for n E Z+(0). 
This follows: 
K- I  n - I  
Iv,-,I _< Iv.ol + ~ Ihvjl + ~ thvjl 
jffi0 jffiK 
n- -1  # 
<_ IVnol + #K + p,Q-.........-~ E (P*QK)n/K < oo, 
jffiK 
i.e., (18) holds. 
STEP II. {wn} can be dominated by {zn}. 
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Noticing that z'n = w,, we have Azn + Pw,  = 0. Hence, {z,} is nonincreasing. On the other 
hand, lim,-.oo z,  = O. Therefore, zn > 0. Consequently, 
w, 1 1 zn+ 1 < 1 1 
z--~ = P P zn - -P or wn <_ ff  zn. 
Finally, by letting C = C'/P,  we have that (17) holds. This completes the proof. 
We now give the variation of constants formula for equation (1). 
LEMMA 2.7. Let {xn} be the unique solution of 
Az.  + ~-~p.#z.-k, = f (n,z.- l l , . . .  ,z._~.), 
i6I 
Xi = ~i, 
for n 6 Z+(0), 
for i = -R , . . . ,  0, 
{y,} and {wn} be, respectively, the unique solution of (11) and (13). Then, 
[z ] Xn = Yn Jr- ZWn- - j - -1  (Pi - -P" , ' )X j - -k  i "Jl- f ( j ,  x j - -~l , . . .  ,Xj--l~rl ) . 
j=0 Lie/ 
PROOF. Equation (20) can be verified by letting 
Yn :" Xn -- ZU3n- - j - -1  (pi --p.,i) Xj-k, + f (j, xs - t , , . . .  ,xs_l,, ,) 
j=o L,61 
and substituting into equation (3). We omit it here. 
3. THEOREMS 
THEOREM 3.1. Let 
Pn,i > O, t'or (n, i) 6 Z+(O) x I and 
hold. I f  there exists a D = const. (0 < D < 1) such that 
(19) 
(20) 
g K 
P < (1 + K) I+K (21) 
If(n,u,...,u)l <_ DP.Iul, foru#O, (22) 
Let 
M > max ~C, max Ix, I). 
[ ~{-a,...,o) 
n-1 
Ix.I ~ ly.I + ~ w.-5-1 
5--0 
n -1  
< Cz. + Z w"-5-1 
j=O 
n-1 
< Cz. + ~ w._ 5_ 1 
j=O 
,el (p' - p"#) zj-k, + I (j, zj-~l,..., zj-l~) 
~"~ (p,- p.,,),xs-k,, + ,~i f (J, ~ ,zs-,~, ..., ~ ,xs - , . . ) ]  
• ] 
Z (P' - Pn,,) [Xs-k, [ + DP5 max [zS_/h [ . 
,EI kEM 
then the zero solution of equation (1) is GAS. 
PROOF. Let {Xn}, {Yn}, {zn}, and {Wn} be, respectively, the unique solutions of CPs (19), (11), 
(12), and FS. From Lemma 2.7, we have 
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We now claim that 
Ixnl < M, for n e Z+(0). (23) 
In fact, (23) holds for n = 0. If (23) does not hold, then there exists an no E Z+(1) such that (23) 
holds for n < no and ]xno I >- M. Then, {no, ]} 
Iznol<M Zno+ ~ Who-j-, (Pi-Pn,i)+DP5 
j----0 liEl 
< M Zno + E Wno-j-t  • 
j=O 
, pv-.,n-1 
Let Cn = Zn t 2-,5=0 Wn-j-1. Then we have ACn = Azn + Pwn = 0, i.e., Cn = const. But 
Co = Zo = 1. So, we have 0n = Cno = 1. This follows that Ixnol < M. This is a contradiction 
and (23) holds. 
Let I = limsuPn_.oo Ixnl. What we need to prove is that I = 0. If that is not the case, i.e., 
l ~ 0, let 
L=limsup[~ei(P'-Pn")lXn-k' l+lf(n'xn-"' ' '"Xn-"~)' ] " n - - , o o  
Then, for any r />  0, there exists an N E Z+(0) such that 
)-~ (p~ -pn#)Izn-~,l + If(n, Xn-h,..., zn-z~)l <_ L+r/, 
iEl 
for n e Z + (N). 
This follows: 
] Iz,-,I < CZn + E Wn--j--1 (p,  -- pn,~l l z~-~, l  + l f ( j , z~- l , , .  . . , zs - l , , , ) l  
j--0 
n-1 
+F_,(L+ 
j=N 
N-1 
<_ Czn + 
j=0 
~)Wn-j- 1 
Wn-j-I [i~EI(Pi--Pn,i)'Xj-k,'+'f(J, xJ-I1,''',XJ-',,,)'] +- -  
L+ ~? 
P 
Letting n -4 oe and noting that ~/is arbitrary, we get 
L 
l<- - .  -p  (24) 
On the other hand, 
. - .  
] 
(p~ -p~,,)I~-k,t + I/(n, z~-l,,..., z,-z.)l[ 
., J  
(Pi - Pn,~) IXn-k, [ + DP. ~aa~ Ixn_l. I] 
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= l lim sup [P - (1 - D)P.] < l [P - (1 - D) l im in f  Phi. 
n- - *OO . - ' *OO J 
Since lim inf.-.oo P. > lim inf.-.oo p.,~ = 6io > 0, L < lP. This contradicts (24). Consequently, 
we complete the proof of the theorem. 
Consider, in particular, the following equation: 
+ = for n Z+(O), (25) 
iEl jEJ 
where J := {1,.. . ,  J0}, qnj > 0, lj ~ Z+(0) for j ~ J and other hypotheses are the same as in 
equation (1). Then, we have following corollary. 
REMARK 3.1. If (22) is changed to 
If(n,u,...,u)l < P.lu[, for u ~ 0, 
then the eonclnsion in Theorem 3.1 may be false (see Example 4.2 in Section 4). 
COROLLARY 3.1. Let (21) hold. If  there exists a D = co"st. (0 < D < 1) such that 
Q.<_DP., 
where Q, :---- ~'~jEJ qn,J' then the zero solution of equation (25) is GAS. 
Next, consider the difference quation 
Ax,  + Pnxn-K = f(n, xn-t), for n E Z+(0), (26) 
where supnez+(o)P . =: P, liminfn-.ooP, =: 6 > O, uf(n,u) > 0 for u ~ O,f(n,O) = 0 and 
P < KK/(1 + K) I+K. We have the following corollary. 
COROLLARY 3.2. / f  there exists a D = co"st. (0 < D < 0) such that 
If(n, u)l < OP.lul, for u ~ 0, 
then the zero solution of equation (26) is GAS. 
4. EXAMPLES 
EXAMPLE 4.1. Consider the following difference quation: 
Ax.  + P .x . - I  = Qnxn-1, for n e g+(0), (27) 
where 
1 1 
P"= (n+2)(n+3)  and Q.= (n+2)Z(n+3)" 
Since supnez+(0 ) Pn = 1/6 < 1/4 = 11/(1+1) 1+1, Q. < Pn/2, and liminfn...,~P. = O, 
equation (27) has a solution z .  = (n + 3)/(n + 2) which does not tend to 0. Therefore, the 
condition lira inf.-.oo P. = 6 > 0 is necessary. 
EXAMPLE 4.2. Consider again equation (27). Let 
p.= 1 +2+( -1) "  and Qn= 1 +2+( -1) "  
(n + 2)(n + 3) 37 (n + 2)2(n + 3) 37 
Since supnEz+(0 ) P. = 1/6 + 3/37 < 1/4 = 11/(1 + 1) 1+1, liminfn_-,ooP. = 1/37 > 0, and 
Qn < Pn, in which we cannot find a constant D (0 _< D < 1) such that Qn < DP., equation (27) 
has a solution =n = (n + 3)/(n + 2) which does not tend to 0 (see Remark 3.1). 
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